Abstract. Let H(B) be the space of all holomorphic functions on the unit ball B in C N , and S(B) the collection of all holomorphic self-maps of B . Let ϕ ∈ S(B) and g ∈ H(B) with g(0) = 0 , the generalized composition operator is defined by
Introduction
Let H(B) be the class of all holomorphic functions on B, S(B) the collection of all holomorphic self-maps of B, where B is the unit ball in the n -dimensional complex space C n . Let dσ be the normalized rotation invariant measure on the boundary S = ∂ B of B.
For f ∈ H(B), let
be the radial derivative of f , ∇ f = (
where |β | = β 1 + ... + β n , and z β = z β 1 1 ...z β n n . A positive continuous function μ on [0, 1) is called normal (see [20] ), if there exist positive numbers s and t , 0 < s < t , and δ ∈ [0, 1) such that (i) μ(r)
(1−r) s is decreasing on [δ , 1), lim r→1 μ(r)
(1−r) s → 0; (ii) μ(r)
(1−r) t is increasing on [δ , 1), lim r→1 μ(r)
(1−r) t → ∞. A normal function ω can be extended on whole B by ω(z) = ω(|z|). We recall that the Bloch-type space B ω consists of all f ∈ H (B) such that
(1.1)
The expression B ω ( f ) defines a semi-norm while the natural norm is given by
This norm makes B ω into a Banach space. Let B ω,0 denote the subspace of B ω consisting of those f ∈ B ω for which
This space is called the little Bloch-type space.
In [21] , the author showed that f ω is equivalent to From now on if we say that a function φ : B → [0, ∞) is normal we will also assume that it is radial on B, that is, φ (z) = φ (|z|), z ∈ B. In the rest of this paper we always assume that ω and φ are normal on [0, 1).
For 0 < p, q < ∞ and φ normal, the mixed-norm space
where
For p = q and φ (r) = (1 − r 2 ) (α+1)/p , α > −1 , the mixed-norm space is equivalent with the weighted Bergman space 
for z ∈ D and f ∈ H(D). When g = ϕ , we see that this operator is essentially composition operator, since the following difference C g ϕ −C ϕ is a constant. Therefore, C g ϕ is a generalization of the composition operator C ϕ . The generalized composition operator was introduced in [4] and [9] . For related results and operators, see, e.g., [5, 6, 7] and the references therein.
Let ϕ ∈ S(B) and g ∈ H(B) with g(0) = 0 . The following operator, so called, generalized composition operator on the unit ball
was recently introduced by S. Stević and X. Zhu and studied in [8, 11, 12, 15, 16, 17, 18, 19, 22, 23, 24, 25] . S. Stević [9] characterized the equivalent conditions about the boundedness and compactness of C g ϕ acting from logarithmic Bloch-type space to the mixed-norm space on the unit ball and obtained some conditions about C g ϕ acting from the mixed-norm space to weighted Bloch space on the disk or unit ball in [10, 12] , respectively. For a natural counterpart of operator C g ϕ see operator P g ϕ defined in [13] . The purpose of this paper is to characterize the boundedness and compactness of the generalized composition operator C g ϕ from the ω -Bloch spaces to the mixed-norms pace H(p, q, φ ).
Throughout the rest of this paper, C will denote a positive constant, the exact value of which will vary from one appearance to the next. The notation A B means that there is a positive constant C such that B/C A CB.
Auxiliary results
Several auxiliary results, which are used in the proofs of the main results, are quoted in this section.
The proof of the following lemma was given by Stević in [11, 15] .
LEMMA 2.1. Assume that ϕ ∈ S(B), and g ∈ H(B) with g(0) = 0 . Then for every f ∈ H(B) it holds
ℜC g ϕ ( f )(z) = ℜ f (ϕ(z))g(z). LEMMA 2.2. ([3, Theorem 2]) Assume that 0 < p, q < ∞,
φ is normal and m ∈ N . Then the following asymptotic relationship holds
The following lemma can be proved in a standard way (see, for example, Proposition 3.11 in [1]), we omit its proof. 
The next lemma is well-known. LEMMA 2.5. For 0 < p < ∞, there is a positive constant C p depending on p and
, when x i ∈ (0, ∞), i ∈ {1, 2, ···, n} .
Main results
In this section, we formulate and prove our main results. We use and modify some ideas from papers [14, 16, 17] . (
(3.1)
Proof. First note that the implication (a)⇒(b) is trivial. (b) ⇒(c).
Assume that (b) holds. Then for f ∈ B ω,0 , by Lemma 2.1 and Lemma 2.2 with m = 1 , we obtain
Then by Lemma 2.4, using the dilation functions
, thus according to Lemma 2.5, we have
where E 1 = {ξ ∈ S : r 0 < |lϕ(rξ )| < 1} . From the inequality above and by the monotone convergence theorem we get
For the test functions g j (z) = z j ∈ B ω,0 , j = 1, ···, n . By Lemma 2.5 and |z| 2 (|z 1 | + ··· + |z n |) 2 , we obtain
So, it follows from Lemma 2.5 that
Thus the condition (c) holds.
Next we prove (c) ⇒(a). Assume (c) holds. Then for any f ∈ B ω , by the former calculation and the equivalence of norm on B ω , we obtain
Then we get (a). This completes the proof of this theorem. From (3.1) we have that for any ε > 0 , there exists a constant δ ∈ (0, 1), such that
By Lemma 2.1 and Lemma 2.2 with m = 1 we obtain
First, we estimate J 1 , by (3.1), we have 
